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In quantum measurement or control processes, there are often auxiliary modes coupling to the quantum system
that we are interested in—they together form a bath or an environment for the system. The bath can have finite
memory (non-Markovian), and simply ignoring its dynamics (i.e., adiabatically eliminating it) will prevent us
from predicting the true quantum behavior of the system. We generalize the technique introduced by Strunz et al.
[Phys. Rev. Lett. 82, 1801 (1999)], and develop a formalism that allows us to eliminate the bath nonadiabatically
in continuous quantum measurements, and obtain a non-Markovian stochastic master equation for the system that
we focus on. This formalism also illuminates how to design the bath—acting as a quantum filter—to effectively
probe interesting system observables (e.g., the quantum-nondemolition observable).
DOI: 10.1103/PhysRevA.85.040101 PACS number(s): 03.65.Ta, 03.65.Sq, 05.40.−a, 42.50.Lc
Introduction. Recent developments in techniques of high-
precision metrology have allowed quantum-level measurement
and control of matters at all scales, ranging from microscopic
atoms [1] to macroscopic mechanical oscillators [2]. In these
experiments, the atoms or mechanical oscillators, as objects
of interest (or the system), are usually coupled to auxiliary
degrees of freedom (or the bath) (e.g., the cavity mode in
cavity QED systems), which are in turn coupled to external
readout devices. It is often desirable to obtain a self-contained
equation for the system only, by eliminating bath degrees of
freedom, especially when we want to study quantum dynamics
of the system or implement feedback control. In the literature,
the usual approach is to ignore the dynamics of bath modes by
assuming that they follow the system instantaneously, and can
be adiabatically eliminated. However, this becomes inadequate
when bath modes evolve at scales longer than the system and
thus have finite memory (i.e., when the dynamics becomes
non-Markovnian).
One way to account for a non-Markovian bath is the
Feynman-Vernon influence functional method [3]. Dio´si and
Strunz et al. [4–6] developed an equivalent (but much simpler)
method by unraveling the bath evolution into possible quantum
trajectories. These trajectories are shown to drive a non-
Markovian stochastic Schro¨dinger equation (SSE), which
averages into the exact non-Markovian master equation. This
has been applied extensively to study open quantum dynamics
of non-Markovian systems. In their model, the system-bath
coupling is general, but the quantum measurement process
is not included as a priori. Even though the SSE in the
Markovian limit can be interpreted as the conditional evolution
of the system’s pure state under a continuous measurement,
yet in general, the non-Markovian SSE does not allow such an
interpretation, as discussed by Diosi [7] and Wiseman et al. [8].
Here, we explicitly include the quantum measurement
process in the general system-bath coupling model by coupling
the bath to an additional continuous probe field, a quantum
Wiener process [9], that is projectively measured by a detector
[10], as shown in Fig. 1. If the measurement results of the
detector are ignored (i.e., averaged over all possibilities)
the probe field can be viewed as an additional Markovian
bath, which is similar to the pseudomode model [11,12] for
studying general non-Markovian dynamics. Given different
measurement outcomes, the system and the bath are projected
into different conditional quantum states. By generalizing the
Diosi-Strunz approach, we eliminate the bath from the joint
system-bath evolution, obtaining a non-Markovian stochastic
master equation (SME) for the system only. In contrast to
the Markovian case, here the system undergos a mixed-state
conditional evolution, agreeing with the general statement by
Wiseman et al. [8].
In the following, we first present the general formalism,
and then apply it to several models of experimental interests
that can be solved exactly. To treat the general system-bath
coupling, we use the perturbation method with the coupling
strength as the expansion parameter, and present the leading-
order result, which is valid in the weak-coupling limit. We fur-
ther show that this result can serve as a guideline for designing
the appropriate bath, as a quantum filter, to effectively measure
desired observables of the system. In particular, we will
consider the quantum-nondemolition (QND) measurements.
Model. The total Hamiltonian for our model reads
ˆH = ˆHs + ˆHb + ˆHint +
∑
k
h¯
√
γk [aˆk ˆb†in(t) + aˆ†k ˆbin(t)],
ˆHb ≡
∑
k
h¯ ωkaˆ
†
kaˆk,
ˆHint ≡
∑
k
h¯ gk( ˆLaˆ†k + ˆL†aˆk). (1)
Here ˆHs , ˆHb, and ˆHint are the system, bath, and interaction
Hamiltonian, respectively; aˆk and ωk are the annihilation
operator and eigenfrequency of the kth bath mode with
[aˆk, aˆ†k′ ] = δkk′ ; the system-bath coupling is not restricted to
the rotating-wave approximation, as ˆL can be Hermitian; gk
is the coupling constant between the system operator ˆL and
the kth bath mode aˆk; ˆbin(t) are annihilation operators for
the input probe field at different times and [ ˆbin(t), ˆb†in(t ′)] =
δ(t − t ′); and γk is the coupling strength between the bath
and the probe field. We exclude those modes that are not
coupled to the probe field—they effectively introduce thermal
decoherence and can be included by adding Lindblad terms in
the final master equation. In addition, we only consider one
probe field, and can be easily generalized to multiple probe
fields.
Conditional dynamics. At each moment, the output probe
field ˆbout(t) is projectively measured by the detector (e.g.,
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FIG. 1. (Color online) Schematics of our measurement process.
The system is coupled to the bath, which in turn couples to an external
probe field. The output probe field amplitude is projectively measured
by a detector.
homodyne detection if the probe field is an optical field).
We assume that the (amplitude) quadrature ˆbA ≡ [ ˆbout(t) +
ˆb
†
out(t)]/
√
2 is measured with the result at moment t being
y(t). Given this measurement result, the system-bath system is
projected into a conditional state, with the joint wave function
|ψ〉 at t + dt given by
|ψ(t + dt)〉 = 1
P 1/2(y) 〈y(t)|
ˆU (dt)|0〉 ⊗ |ψ(t)〉.
Here ˆU (dt) = e−i ˆHdt/h¯ is the unitary evolution operator;
we assume that the input probe field (before interaction)
is in the vacuum state |0〉 and is separable from the joint
system-bath state; |y(t)〉 is an eigenstate of ˆbA(t); P (y) is
the probability distribution for the measurement result; and
P (y) = Trpb{|ψ(t + dt)〉〈ψ(t + dt)|}. By integrating over the
probe field variable, we can obtain the following nonlinear
Markovian SSE for the system-bath state:
d|ψ〉 = − i
h¯
( ˆHs + ˆHb + ˆHint)|ψ〉dt −
∑
kk′
√
γkγk′ [aˆ†kaˆk′
+ 〈aˆk − aˆ†k〉aˆk′ − 〈aˆk − aˆ†k〉〈aˆk′ − aˆ†k′ 〉/4]|ψ〉dt
−
∑
k
i
√
γk/2 (2 aˆk − 〈aˆk − aˆ†k〉)|ψ〉dW, (2)
and y(t)dt = −i∑k √γk〈aˆk − aˆ†k〉dt + dW/√2, which is de-
rived from the distribution for the measurement result: P (y) =
(dt/π )1/2 exp[−(y + i∑k √γk〈aˆk − aˆ†k〉)2dt] with dW the
Wiener increment: dW 2 = dt , and 〈aˆk〉 ≡ 〈ψ |aˆk|ψ〉. When
the bath is a single-cavity mode, it gives the well-known
Markovian SSE for the conditional evolution, also known as
the quantum trajectory [13], of the system and cavity mode
under homodyne detection [14].
Elimination of bath modes. To nonadiabatically eliminate
bath modes, we apply the method by Strunz et al. [6]
and choose unnormalized coherent-state representation |α〉 ≡
exp[−∑k αkaˆ†k]|0〉 for the bath modes. One can obtain
the equation for |ψ(α∗)〉 ≡ 〈α|ψ〉 by using 〈α|aˆk|ψ〉 =
∂α∗k |ψ(α∗)〉 and 〈α|aˆ†k|ψ〉 = α∗k |ψ(α∗)〉. The reduced density
matrix for the system is given by
ρˆs = Trb[|ψ〉〈ψ |] =
∫
d2α e−|α|
2 |ψ(α∗)〉〈ψ(α)|. (3)
By using the fact that
∫
d2α αke
−|α|2 |ψ(α∗)〉〈ψ(α)| =∫
d2α e−|α|
2
∂α∗k |ψ(α∗)〉〈ψ(α)| and Eq. (3), we obtain a non-
Markovian SME for the system
dρˆs = − i
h¯
[ ˆHs, ρˆs] dt −
∑
k
gk([ ˆL†, 
ˆk] − [ ˆL, 
ˆ†k]) dt
+
∑
k
√
2γk(
ˆk + 
ˆ†k − Trs{
ˆk + 
ˆ†k}) dW, (4)
and y(t)dt = ∑k √γk Trs[
ˆk + 
ˆ†k]dt + dW/√2, where we
have introduced:

ˆk ≡ i
∫
d2α e−|α|
2
∂α∗k |ψ(α∗)〉〈ψ(α)|. (5)
Here the non-Markovianity only arises when eliminating the
bath that has memory about the system. Equations (4) and (5)
will give a self-contained SME governing the system, if 
ˆk can
be written in terms of ρˆs and other system operators. To derive

ˆk , we use the approach in Ref. [6] by introducing the system
operator ˆOk through
∂α∗k |ψ(α∗)〉 ≡ −i ˆOk(t,α∗)|ψ(α∗)〉. (6)
For most cases considered here, ˆOk is independent of α∗, and

ˆk takes a very simple form

ˆk = ˆOk(t) ρˆs . (7)
In general, 
ˆk is a superoperator of ρˆs determined by ˆOk .
Systematic procedures for deriving ˆOk (without the measure-
ment) have been developed by Yu et al. [15], and applied
to systems with different system Hamiltonians. Their method
can be generalized to our case by using the interaction picture
|ψ(α∗)〉I = ˆU−1(t)|ψ(α∗)〉 with a nonunitary evolution oper-
ator: ˆU (t) = exp[−(i/h¯)( ˆHs + ˆHb − ih¯
∑
kk′
√
γkγk′ aˆ
†
kaˆk′)t].
We can then determine ˆOk from the following consistency
condition [6,15]:
d
dt
[
∂α∗k |ψ(	α∗)〉I
] = ∂α∗k
[
d
dt
|ψ(	α∗)〉I
]
. (8)
To illustrate this formalism, we first study models in which 
ˆk
can be exactly solved. We later treat the general system-bath
coupling with the perturbation method.
Atom-cavity interaction. We consider the standard atom-
cavity model, as shown in Fig. 2,with Hamiltonian
ˆH = h¯ωq
2
σˆz + h¯ aˆ†aˆ + h¯ g(σˆ−aˆ† + σˆ+aˆ).
Here for simplicity we do not show the interaction between the
cavity mode and external probe field; ωq is the atom transition
frequency and σˆz the Pauli matrix;  is the cavity detune—
the difference between the cavity resonant frequency and the
laser frequency. In comparison with the general Hamiltonian in
Eq. (1), this corresponds to the case of ˆL = σˆ− and gk = g δ1k
atom cavity
detector
Laser
cavity
atom
detector
FIG. 2. (Color online) Schematics showing the atom-cavity sys-
tem. A two-level atom (or a qubit) interacts with a cavity mode that
is coupled to an external continuous optical field which is measured
via homodyne detection.
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(the bath has only one cavity mode and we will ignore subscript
k afterwards). By using the consistency condition in Eq. (8),
the operator ˆO = f (t)σˆ− and 
ˆ has the following form:

ˆ = f (t)σˆ−ρˆ. (9)
Here the time-dependent function f (t) satisfies a Riccati
equation: ˙f − i(ωq −  + iγ )f − gf 2 = g with the initial
condition f (0) = 0, from the assumption that the cavity mode
is initially in a vacuum state. The corresponding SME for the
atom density matrix reads
dρˆ = −i
[
ωq
2
σˆz + gIm{f } σˆ+σˆ−, ρˆ
]
dt
− gRe{f } [σˆ+σˆ−ρˆ + ρˆ σˆ+σˆ− − 2 σˆ−ρˆσˆ+] dt
+
√
2γ [f σˆ−ρˆ + f ∗ρˆσˆ+ − 〈f σˆ− + f ∗σˆ+〉ρˆ]dW.
(10)
This equation fully describes non-Markovian dynamics of the
atom under a continuous measurement. The Markovian limit
can be recovered by assuming the cavity decay rate much
larger than the atom-cavity interaction rate and also the atom
transition rate: γ 
 g and γ 
 ωq . The cavity-mode memory
then becomes negligible and
f (t)|Markovian limit = g/γ, (11)
in which case Eq. (10) reduces to the usual Markovian SME.
In addition, we can also obtain the corresponding master
equation if we ignore the measurement result by averaging
over dW (mean of dW vanishes), we will obtain the exact
master equation for an atom coupled to a damped cavity mode,
a dissipative environment [16].
To confirm that Eq. (10) is the SME that correctly describes
the conditional dynamics of the atom, we numerically solve
and compare (i) the Markovian SSE for the joint atom-cavity
wave function and (ii) the non-Makovian SME for the atom
density matrix to see whether they both give the same condi-
tional mean of σˆx , σˆy , and σˆz. The numerical results are shown
in Fig. 3. We have chosen ωq = 1, = 1, and γ = 2, and
the atom-cavity initial state is [|+〉z + |−〉z]/
√
2 ⊗ |0〉. They
indeed agree with each other as shown by the convergency of
their accumulated numerical difference.
Linear optomechanical interaction. We now consider
another exactly solvable model, the linear optomechanical
interaction between a harmonic mechanical oscillator and a
cavity mode. The setup is similar to Fig. 2 with the atom
replaced by an oscillator, which has been studied extensively
recently [2]. The Hamiltonian for the mechanical oscillator
and the cavity mode reads [17–19]
ˆH = h¯ ωm(xˆ2 + pˆ2) + h¯ aˆ†aˆ + h¯ g xˆaˆ†aˆ.
Here xˆ and pˆ are the position and momentum of the oscillator
with eigenfrequencyωm (normalized with respect to their zero-
point values). Since the cavity mode usually has a large steady-
state amplitude due to a coherent driving from the laser, we can
consider perturbations around the steady-state amplitude and
linearize the above Hamiltonian. The linearized interaction
Hamiltonian is ˆHint = h¯ g a¯ xˆ(aˆ + aˆ†) where a¯ is the steady-
state amplitude of the cavity mode. With the same procedure
as the atom-cavity case, 
ˆ is given by (again the bath has one
0 1 2 3 4 5
1.0
0.5
0.0
0.5
1.0
10 50 100 150 200
1
nu
m
er
ic
al
 d
if
fe
re
nc
e
number of grid points for the cavity mode 
FIG. 3. (Color online) The top panel shows simulation results
for the time evolution of 〈σx〉, 〈σy〉, and 〈σz〉 for one realization
of dW . The bottom panel is the convergency of the accumulated
numerical difference between the SSE and SME simulation results
given different number of grid points for the cavity mode.
mode with the subscript k ignored)

ˆ = [e−2i(−iγ )t f1ρˆ ˆA† + ˆAρˆ]/(1 − |f1|2) (12)
with ˆA = e−i(−iγ )t [f0(t) + fx(t)xˆ + fs(t)pˆ]. These func-
tions f0, f1, fx , and fs are determined from the consistency
condition, and satisfy coupled Riccati equations
df0 = e−i(−iγ )t [ iγTr{
ˆ + 
ˆ†}f1 dt − i
√
2γ f1dW ]
− i g′e−2i(−iγ )t f0fs dt, (13)
˙fx = g′ + ωmfs − i g′e−2i(−iγ )t (f1 + fxfs), (14)
˙fs = −ωmfx − i g′e−2i(−iγ )t f 2s , (15)
˙f1 = g′fs − i g′e−2i(−iγ )t f1fs , (16)
where g′ ≡ g a¯ ei(−iγ )t . These equations can be solved
numerically. Similarly, if we average the SME over dW , we
will obtain the corresponding non-Markovian master equation.
It describes quantum Brownian motion of a harmonic oscillator
coupled to a non-Markovian bath with dissipation.
General system-bath coupling. The previous models are
exactly solvable due to special features of the system operator
that the bath is coupled to. For a general system-bath coupling,
there is no transparent route leading to a closed-form solution
of 
ˆk . However, if the coupling is weak, namely gk < γk ,
we can systematically solve it with perturbation method by
obtaining a hierarchy of equations at different orders of gk/γk .
Here, we show the leading-order result for 
ˆk , which is given by

ˆk =
∑
k′
∫ t
0
dτ [e−iMτ ]kk′ gk′ ˆL(−τ )ρˆs , (17)
where ˆL(−τ ) = e−i ˆHsτ/h¯ ˆLei ˆHsτ/h¯ under the free evolution and
the matrix element Mkk′ = ωk δkk′ − i√γkγk′ with δkk′ being
the Kronecker delta. Basically, 
ˆk is equal to ˆL ρˆs convoluted
with the Green’s function of the bath. In other words, we are
effectively coupled to a dynamical quantity of the system that
is shaped by the bath—a quantum filter. One can therefore
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engineer the bath to measure desired observables of the
system (e.g., a QND observable) as illustrated in the following
two examples.
The first example is measuring mechanical energy quanti-
zation considered in Refs. [20–23], aiming at unequivocally
demonstrating the quantumness of a macroscopic mechanical
oscillator. In the proposed experiment, the position of a
mechanical oscillator is quadratically coupled to a cavity
mode, namely,
ˆHint = h¯ g xˆ2(aˆ + aˆ†). (18)
If the cavity bandwidth γ is less than the mechanical frequency
ωm, we expect a direct probe of the slowly-varying part of
xˆ2, which is proportional to the QND variable—energy or
equivalently the phonon number ˆN . Indeed, from xˆ(−τ ) =
xˆ cos ωmτ − pˆ sinωmτ ,

ˆ = g
∫ t
0
dτ e−γ τ xˆ2(−τ )ρˆ ≈ g
γ
ˆNρˆ, (19)
where we have ignored terms proportional to e−γ t , as the
characteristic measurement time scale is γ−1. The leading-
order SME for the oscillator reads [cf. Eq. (4)]
dρˆ = −i[ωm ˆN, ρˆ] dt − geff[ ˆX2, [ ˆN, ρˆ]] dt
+
√
2geff [{ ˆN, ρˆ} − 2〈 ˆN〉ρˆ]dW (20)
with geff = g2/γ . Note that such a measurement is not an exact
QND measurement, because we have [ ˆX2, [ ˆN, ρˆ]] instead of
the usual Lindblad term: [ ˆN,[ ˆN,ρˆ]]. This term describes a
two-phonon process that induces quantum jumps. However,
after numerically solving this SME, we find that it does not
have significant effects, and a QND measurement can indeed
be effectively realized. This is in accord with the argument
by Martin and Zurek [20]: The two-photon process happens
at 2ωm, which is strongly suppressed due to a small cavity
bandwidth γ .
The second example is measuring the QND observable of
a free mass, the momentum pˆ. This is of particular interest in
quantum-limited force measurement with mechanical probes
(e.g., detecting gravitational waves [24]).
By monitoring the momentum change, one can detect the
force signal without quantum back action, enabling to surpass
the standard quantum limit (SQL) [25]. To achieve this, we
can couple the position xˆ of the free mass with two coupled
cavity modes aˆ1 and aˆ2, of which the interaction Hamiltonian
is given by
ˆHint = h¯ ωs(aˆ1aˆ†2 + aˆ†1aˆ2) + h¯ g xˆ(aˆ1 + aˆ†1), (21)
where ωs is the coupling constant between two cavity modes.
The cavity mode aˆ1 is coupled to the external probe field. From
Eq. (17), we derived that

ˆ = 2g
∫ t
0
dτ e−γ τ cos
(
ωsτ
2
)
xˆ(−τ )ρˆ ≈ 4g
ω2s
˙xˆ(0) ρˆ, (22)
where we have used the stationary-phase approximation by
assumingωs 
 γ , and also ignored terms proportional to e−γ t .
The effective observable is therefore equal to the momentum,
as pˆ = m ˙xˆ(0). Indeed, such a coupled-cavity scheme has
been proposed as the so-called speed meter for advanced
gravitational-wave detectors [26].
Conclusion. We have included the quantum measurement
process in the general system-bath coupling model, and
eliminated the bath modes nonadiabatically, which yields a
non-Markovian SME for the system. Conceptually, this shows
how non-Markovianity arises in the continuous measurement
process. In practice, if the system is indeed all we care
about, the non-Markovian dynamics derived here is the
most efficient way of obtaining the conditional evolution
of the system, both in terms of analytical and numerical
complexity. In addition, we can utilize non-Markovianity to
effectively measure quantum observables of interest, which
is an important topic from both theoretical and experimental
perspectives.
Note added. Recently, we noticed that a similar model is
considered by Dio´si [27].
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